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Abstract. Zassenhaus formula is used in a wide range of fields in physics or mathematics,
from fluid dynamics to differential geometry. The non commutativity of the elements of the
algebra implies that the exponential of a sum of operators cannot be splitted in the product of
exponential of operators. The exponential of the sum can then be decomposed as the product of
the exponentials multiplied by a supplementary term which form is generally an infinite product
of exponentials. However, for some special commutators, closed forms can be found. We propose
a closed form for Zassenhaus formula when the commutator of the operators X and Y satisfy
the relation [X, Y ] = uX + vY + c1.
Zassenhaus formula then reduces to the closed form
e
X+Y = eXeY egr(u,v)[X,Y ] = eXegc(u,v)[X,Y ]eY = egl(u,v)[X,Y ]eXeY , (1)
a left-sided, centered and right-sided formula are found, with respective arguments,
gr(u, v) = gc(v, u)e









Zassenhaus formula found recently a regain of interest [1, 2] due to its numerous applications
in various fields such as Soliton physics, Dirac’s monopole problem, quantum lattices of spins
or even fluids dynamics [3, 4, 5, 6]. It is also studied for mathematical fundamental purpose
such as disentangling exponential operators [7, 8] or in differential geometry [9]. This formula is
the dual formula of the very famous Baker-Campbell-Hausdorff (BCH) formula which aims at
composing two exponential of operators.
When X and Y do not commute, the expansion of eX+Y is hard to find. Some approached forms
have been proposed such as the Trotter-Suzuki decomposition [10]. Recently, some new methods
have been suggested, such as using a recurrence [11]. However, for some special commutators,
the expansion reduces to a closed form, the most famous one being Glauber formula, known as
eX+Y = eXeY e−
1
2
[X,Y ] for [X, [X,Y ]] = 0 and [Y, [X,Y ]] = 0. But if many articles are looking
for closed forms of the BCH formula [12, 13, 14, 15, 16] or if some exotic forms of BCH have
been found [17] it seems that Zassenhaus formula has been forgotten. Here we offer a closed
form of Zassenhaus formula for the special commutator [X, [X,Y ]] = uX + vY + c1.
2. A closed form of Zassenhaus formula
Zassenhaus theorem states thatX,Y being the generators of a Lie algebra. eX+Y can be uniquely
decomposed in the following way :
eX+Y = eXeY Π∞n=2e
Cn(X,Y ) = eXeY eC2(X,Y )eC3(X,Y ) . . . eCn(X,Y ) . . . (3)
where Cn(X,Y ) is a Lie polynomial in X and Y of degree n.
The first terms are expressed in this way,









([[[X,Y ],X],X]+3[[[X,Y ],X],Y ]+3[[[X,Y ],Y ],Y ]) . . . (4)
In the case of the specific commutators, [X,Y ] = uX + vY + c1, the multiple commutators
in the argument of the exponentials all reduce to a constant multiplied by [X,Y ]. Equation
(3) may be recasted in the form eX+Y = eXeY eµ[X,Y ] where µ is to be determined. We denote
the adjoint operator adA of an operator A, defined by recurrence from ad
n
AB = [A, ad
n−1
A ] with
ad0A = B so that it is possible to rewrite e
ABe−A = eadAB. A first method to determine this
constant is to express the Zassenhaus formula in an integral form, introducing a new variable t
in the exponential, as could be noticed in [10]











This formula can be demonstrated in differentiating et(X+Y ) = etXetY eη with respect to the






Y . It is then useful to notice that for the









Inserting (6) in (5) allows to perform the integration, then choosing t = 1 gives the closed
expression for the Zassenhaus formula
e(X+Y ) = eXeY exp (gr(u, v)[X,Y ]) . (7)
With the right-sided coefficient gr(u, v),
gr(u, v) =
u (eu−v − eu) + v (eu − 1)
uv(u− v)
. (8)
Equations (7) and (8) are our main result.
3. Left-sided Zassenhaus formula with a second demonstration
It is possible to derive (7) and (8) using another derivation, constructing the Zassenhaus formula
from a closed form of BCH formula. We will derive here a left-sided expression of the Zassenhaus
formula for the special commutator [X,Y ] = uX + vY + c1 with coefficient gl(u, v)
exp (X + Y ) = exp (gl(u, v)[X,Y ]) exp (X) exp (Y ) . (9)
Van-Brunt and Visser [12] found a closed form BCH formula for the commutator [X,Y ] =
uX + vY + c1,
exp (X) exp (Y ) = exp (X + Y + f(u, v)[X,Y ]) . (10)
With f , the Van-Brunt and Visser function [12]
f(u, v) =
ueu(ev − 1)− vev(eu − 1)
uv(eu − ev)
. (11)
Inserting (10) in (9) one can find
exp (X + Y ) = exp (gl(u, v)[X,Y ]) exp (X + Y + f(u, v)[X,Y ]) . (12)
In order to determine gl(u, v) one can apply Van-Brunt Visser formula (10) directly to
(12), and make the equality hold. It is useful to proceed to the change of variables X̃ =
gl(u, v)[X,Y ], Ỹ = X + Y + f(u, v)[X,Y ], and to compute the commutator
[X̃, Ỹ ] = gl(u, v)(u − v)[X,Y ] (13)
= gl(u, v)(u − v)(uX + vY + c1). (14)
Furthermore, the commutator can also be written
[X̃, Ỹ ] = ũX̃ + ṽỸ + c̃1, (15)
= ũgl(u, v)[X,Y ] + ṽ (X + Y + f(u, v)[X,Y ]) + c̃1, (16)
= {ũgl(u, v)u+ ṽ + f(u, v)ṽu}X + {ũgl(u, v)v + ṽ + f(u, v)ṽv}Y
+ {ũgl(u, v)c + ṽf(u, v)c+ c̃}1. (17)
This leads to the system of equations
gl(u, v)(u − v)u = {ũgl(u, v) + f(u, v)ṽ}u+ ṽ, (18)
gl(u, v)(u − v)v = {ũgl(u, v) + f(u, v)ṽ}v + ṽ, (19)
gl(u, v)(u − v)c = {ũgl(u, v) + f(u, v)ṽ}c+ c̃. (20)
That is satisfied for ũ = u− v, ṽ = 0, c̃ = 0.
Hence,
exp (X + Y ) = exp (gl(u, v)[X,Y ]) exp (X + Y + f(u, v)[X,Y ]) , (21)
= exp {X + Y + [gl(u, v) + f(u, v) + f(u− v, 0)(u − v)gl(u, v)] [X,Y ]} .(22)
To satisfy the previous equality, gl(u, v) may take the form
gl(u, v) =
v (ev−u − ev) + u (ev − 1)
uv(v − u)
. (23)
We notice that gl(u, v) = gr(v, u). The same demonstration can also be employed to find a
right-sided formula confirming the previously found result (8).
4. Commutating the generators of the algebra
If X,Y are elements of an algebra which verify the commutation relationship [X,Y ] =
uX + vY + c1, we can find the commutation relation between the generators of the algebra
eX and eY , and look for an expression of the form eXeY = eY eXeγ[X,Y ] where γ is to be
determined. As X + Y = Y +X one can use (7) for both commutators [X,Y ] = uX + vY + c1
and [Y,X] = αY + βX + δ1 = −uX − vY − c1 so that
eX+Y = eXeY egr(u,v)[X,Y ], (24)
eY+X = eY eXegr(α,β)[Y,X] = eY eXe−gr(−v,−u)[X,Y ]. (25)
From the previous equalities:
eXeY = eY eXe−(gr(−v,−u)+gr(u,v))[X,Y ]. (26)












5. Properties of gr(u, v)
In order to compute gr(u, v) in the special cases u = 0, v = 0 or u = v = 0 De l’Hôpital’s rule
may be used, we compute
gr(0, v) = −
e−v − 1 + v
v2
, gr(u, 0) =
eu(1− u)− 1
u2




For a commutator of the form [X,Y ] = c1 one can express eX+Y = eXeY e−
1
2
[X,Y ] which is





Special forms of gl and gc are directly found from gr.
6. A centered formula
It is also possible to look for a centered formula with coefficient gc(u, v) so that
eX+Y = eXegc(u,v)[X,Y ]eY . (30)
Starting from,
eX+Y = egl(u,v)[X,Y ]eXeY , (31)
and setting X̃ = gl(u, v)[X,Y ] and Ỹ = X so that the commutator reads [X̃, Ỹ ] = −vX̃ .
Applying the result of (26), equation (31) becomes,
eX+Y = eXegl(u,v)[X,Y ]e−(gr(0,v)+gr(−v,0))[X̃,Ỹ ]eY ,
= eXegl(u,v)[X,Y ]ev(gr(0,v)+gr(−v,0))gl(u,v)[X,Y ]eY .
(32)
Where,
gc(u, v) = {1 + v (gr(0, v) + gr(−v, 0))} gl(u, v), (33)
= e−vgl(u, v). (34)
7. Application to the Lie algebra {a†2, a2, a†a}























8. A third derivation of the formula
In [11] the authors developed a technique to compute recursively the exponents of the Zassenhaus
formula. But it can be shown that if X and Y verify the above mentioned commutation relation,
their work can be used to recover the relation (8).
8.1. Computing the Zassenhaus formula exponents with a recurrence
To find the terms of Zassenhaus formula by recurrence, Casas et al. [11] introduce a differentiable
formula with respect to t that recovers Zassenhaus formula (3) for t = 1
et(X+Y ) = etXetY et
2C2et
3C3 ... (37)
And the following compositions are considered
R1(t) = e
−tY e−tXet(X+Y ). (38)
So that for each n ≥ 2,
Rn(t) = e
−tnCn . . . e−t
2C2e−tY e−tXet(X+Y ) = e−t
nCnRn−1(t). (39)







−1 that allows to determine the


















with the nth derivative noted as F (n) = ∂
nF
∂tn







It is easily seen that from the knowledge of F1, C2 is known and so does F2, etc. A recurrence
scheme to determine de coefficients Cn is then established.
9. Impact of the closed form [X,Y ] = uX + vY + c1 on the recurrence
This recurrence scheme can be exploited in order to find directly the Cn without any recurrence if
the commutator between X and Y is appropriate. If X and Y are two elements of an algebra such
that their commutator verify [X,Y ] = uX+vY +c1. It is then obvious that [X, [X,Y ]] = v[X,Y ]
and [Y, [X,Y ]] = −u[X,Y ]. And F1 can be written,
F1(t) = e




Let’s demonstrate by recurrence that Fn is always proportional to the commutator [X,Y ],


















































The Fn being of the form Fn = βn[X,Y ], one can express directly the coefficients Cn.
9.1. Expression of the closed Zassenhaus formula
It is now possible to find a closed form of Zassenhaus formula in summing up all the Cn. The








































































































































((u− v)n − un) .
(53)






((u− v)n − un) . (54)


























































(eu − 1− u) ,
(55)
and obtain the closed form of the Zassenhaus formula given by equations (7) and (8).
Conclusion
We demonstrated a new closed form of Zassenhaus formula for a special commutator, this closed
form can be expressed in three forms, a right-sided, left-sided and centered formula. This for-
mula proves to be useful in quantum mechanics, for instance to disentangle operators. We hope
this formula can be useful in a broad range of contexts, notably in quantum mechanics.
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